We find the explicit local models of isolated singularities of conformal hyperbolic metrics by Complex Analysis, which is interesting in its own and could potentially be extended to high-dimensional case.
Introduction
Let Σ be a Riemann surface and D = ∞ ∑ i=1 (θ i − 1)p i a R-divisor on Σ such that 0 ≤ θ i = 1, where
⊂ Σ is a closed discrete subset. We denote by M(Σ) the set of C ∞ conformal metrics of constant curvature −1 on a Riemann surface Σ. We call dσ 2 a (singular) conformal hyperbolic metric representing D if and only if • dσ 2 ∈ M(Σ\supp D), where supp D = {p 1 , · · · , p n , · · · }.
• If θ i > 0, then dσ 2 has a conical singularity at p i with cone angle 2πθ i > 0. That is, in a neighborhood U of p i , dσ 2 = e 2u |dz| 2 , where z is a complex coordinate of U with z(p i ) = 0 and u − (θ i − 1) ln |z| extends to a continuous function in U .
• If θ i = 0, then dσ 2 has a cusp singularity at p i . That is, in a neighborhood V of p i , dσ 2 = e 2u |dz| 2 , where z is a complex coordinate of V with z(p i ) = 0 and u + ln |z| + ln (− ln |z|) extends to a continuous function in V .
There have been some studies on the local behavior of a conformal hyperbolic metric near an isolated singularity. Nitsche [1] , Heins [2] , Chou and Wan [3, 4] proved that an isolated singularity of a conformal hyperbolic metric must be either a conical singularity or a cusp one. They all obtained the result by studying the behaviour of the solutions of the Liouville equation ∆u = 4e 2u near isolated singularities. Yamada [5] considered the same problem from the perspective of complex analysis. However, all of them only gave an asymptotic model for a hyperbolic metric near an isolated singularity. We want to seek for an explicit local model.
For this purpose, we did some explorations. Firstly, in [6] , by using PDEs Bo Li, Long Li, the first and the third authors proved the following lemma: Lemma 1.1. Let dσ 2 be a conformal hyperbolic metric on a Riemann surface Σ, and suppose
in a neighborhood U i of p i with complex coordinate z and z(p i ) = 0, where d i are constants and φ i are holomorphic functions in U i , depending on the complex coordinate z.
Based on Lemma 1.1, we obtained the local expressions of developing maps near isolated singularities of hyperbolic metrics (see [7, Lemma 2.4] ). In this process, we solved a Fuchsian equation of second order. Using these expressions, we finally got the local model of a singular conformal hyperbolic metric. Therefore, this proof process has some twists and turns. After these explorations and reading [5] , we speculated that there should be a direct proof by using Complex Analysis only, which motivated this manuscript. In this note, we complete this modest project. Below we present the main result of this note. 
Then 0 is either a conical singularity or a cusp singularity of dσ 2 .
If dσ 2 has a conical singularity at w = 0 with the angle 2πα > 0, then there exists a complex coordinate z on ∆ ε = {w ∈ C||w| < ε} for some ε > 0 with z(0) = 0 such that
Moreover, z is unique up to replacement by λ z where |λ | = 1. If dσ 2 has a cusp singularity at w = 0, then there exists a complex coordinate z on ∆ ε = {w ∈ C||w| < ε} for some ε > 0 with z(0) = 0 such that
Moreover, z is unique up to replacement by λ z where |λ | = 1.
From the proof of Theorem 1.1, we can directly obtain the local expressions of developing maps near isolated singularities of the metrics. Theorem 1.2. Let F : Σ\supp D −→ D be a developing map of the singular conformal hyperbolic metric dσ 2 representing D. If p is a conical singularity of dσ 2 , then there exists a neighborhood U of p with complex coordinate z and L ∈ PSU(1, 1) such that z(p) = 0 and G = L • F has the form G(z) = z α . If q is a cusp singularity of dσ 2 , we assume F : Σ\supp D −→ H for convenience, where H is the upper half-plane model of the hyperbolic plane, then there exists a neighborhood V of q with complex coordinate z and L ∈ PSL(2, R), such that z(q) = 0 and G = L • F has the form G(z) = − √ −1 log z.
Moreover, the proof process of Theorem 1.1 provide a possible approach for studying the codimension-one singularities of complex hyperbolic metrics in higher dimension. We shall investigate the following problem in the near future.
What is the asymptotic behavior of a complex hyperbolic metric on D × · · · × D n \{z 1 z 2 · · · z n = 0} for n ≥ 2?
We organize the left part of the manuscript as follows. In section 2, we at first give some knowledge of hyperbolic geometry that we need to use. Then we state the definition and properties of developing maps. Section 3 is the proof for Theorem 1.1 and Theorem 1.2.
Preliminaries

Conformal isometries of the hyperbolic plane
We will work with both the Poincaré disk model D = {z ∈ C : |z| < 1}, dσ 2 D = 4|dz| 2
(1−|z| 2 ) 2 and the upper half-plane model H = {z ∈ C : Im z > 0}, dσ 2 H = |dz| 2 (Im z) 2 of the hyperbolic plane at convenience. We denote
the group of all orientation-preserving isometries of D and H, respectively. • hyperbolic if L fixes no point of D and fixes two points of ∂ D. 1) is elliptic, then there exists K ∈ PSU(1,1) such that K • L • K −1 (z) = e iθ z for some real number θ .
In the upper half-plane model H, if L ∈ PSL(2, R) is parabolic, then there exists K ∈ PSL(2, R) such that K • L • K −1 (z) = z + t for some real number t.
In the upper half-plane model H, if L ∈ PSL(2, R) is hyperbolic, then there exists K ∈ PSL(2, R) such that K • L • K −1 (z) = λ z for some positive real number λ . 
Developing map
A multi-valued locally univalent meromorphic function F on a Riemann surface Σ is said to be projective if any two function elements F 1 , F 2 of F near a point p ∈ Σ are related by a fractional linear transformation L ∈ PGL(2, C), i.e., F 1 = L • F 2 .
Definition 2.2. Let dσ 2 be a conformal hyperbolic metric on a Riemann surface Σ, not necessarily compact, representing the divisor D. We call a projective function F : Σ\supp D −→ D a developing map of the metric dσ 2 if dσ 2 = F * dσ 2 D , where dσ 2 D = |dz| 2 (1−|z| 2 ) 2 is the hyperbolic metric on the unit disc D. And F can also be viewed as a locally schlicht holomorphic function from Σ to D, where Σ is the universal cover of Σ\supp D. Let dσ 2 be a conformal hyperbolic metric on a Riemann surface Σ, representing the divisor D. Then there exists a developing map F from Σ\supp D to the unit disc D such that the monodromy of F belongs to PSU(1,1) and
where dσ 2 D = |dz| 2 (1−|z| 2 ) 2 is the hyperbolic metric on D. Moreover, any two developing maps F 1 , F 2 of the metric dσ 2 are related by a fractional linear transformation L ∈ PSU(1, 1), i.e., F 2 = L • F 1 . 
Lemma 3.2. The following expressions hold near the origin.
(1) If L is parabolic, then
where ∆ ε = {w ∈ C||w| < ε} for some ε > 0. Moreover, ξ is unique up to replacement by λ ξ where |λ | = 1.
(2) If L is elliptic, then
where 0 < α < 1, k is a nonnegative integer and ∆ ε = {w ∈ C||w| < ε} for some ε > 0. Moreover, ξ is unique up to replacement by λ ξ where |λ | = 1.
(3) If L is the identity, then
where k is a positive integer and ∆ ε = {w ∈ C||w| < ε} for some ε > 0. Moreover, ξ is unique up to replacement by λ ξ where |λ | = 1.
Proof. (1) Lemma 2.1 and Lemma 2.4 imply that there exists a locally schlicht function f :
is also a developing map by Lemma 2.4. We have f (z + 2π) = f (z) − 2π. Let g(z) = f (z) + z, then g(z + 2π) = g(z). And g(z) is a simply periodic function with period 2π. Let w = e iz , then there exists a unique holomorphic function G in D * = {w|0 < |w| < 1} such that g(z) = G(w). Thus by [11, p. 264] we have the complex Fourier development
So f (z) = ∑ ∞ n=−∞ a n e niz − z, and Im f > 0, i.e. Im ∞ ∑ n=−∞ a n w n − ln 1 |w| > 0 f or 0 < |w| < 1.
(1)
We know that G(w) = ∑ ∞ n=−∞ a n w n is a holomorphic function in D * . If 0 is a removable singularity of G(w), it contradicts the above inequality as w tends to 0. Suppose that 0 is a pole of order m for G(w). Then by (1) we have Im ∑ ∞ n=−∞ a n w n = Im w −m h(w) > 0 for 0 < |w| < 1, where h(w) is a holomorphic function in D. Contradiction! Suppose that 0 is an essential singularity of G(w). Then it contradicts (1) by the Great Picard Theorem.
Therefore, we have excluded case t < 0.
(ii) If t > 0, then
is also a developing map by Lemma 2.4. We have f (z + 2π) = f (z) + 2π. Let g(z) = f (z) − z, then g(z + 2π) = g(z). And g(z) is a simply periodic function with period 2π. Let w = e iz , then there exists a unique holomorphic function G in D * = {w|0 < |w| < 1} such that g(z) = G(w). Thus we have the complex Fourier development
So f (z) = ∑ ∞ n=−∞ a n e niz + z, and Im f > 0, i.e. Im ∞ ∑ n=−∞ a n w n + ln 1 |w| > 0 f or 0 < |w| < 1.
We know that G(w) = ∑ ∞ n=−∞ a n w n is a holomorphic function on D * . By (2) we have Consider the sequence
then we have exp(− √ −1G(w k )) converges to 0. So exp(− √ −1G(w)) have an essential singularity at 0, contradiction! Hence G(w) extends to w = 0 holomorphically. So f (z) = ∑ ∞ n=k a n e niz + z, where k ≥ 0. And f (w) = − √ −1 log w + ∑ ∞ n=k a n w n can be viewed as a developing map from D * to H. So we can choose another complex coordinate ξ near 0 with ξ (0) = 0 such that
where ∆ ε = {w ∈ C||w| < ε} for some ε > 0.
Here we show the uniqueness of the complex coordinate ξ . Let ξ and ξ be coordinates such that conditions of the lemma are satisfied, then
So there exists an open disk V which is near 0 and does not contain 0 such that a 2 = 1, log ξ = log ξ + ab √ −1. Therefore we have ξ = λ ξ on V with |λ | = 1. Since ξ , ξ and w are coordinates near 0, z and ξ are holomorphic functions of w, then ξ = λ ξ , |λ | = 1 holds in a neighborhood of 0.
(2) As in case (1) there exists a holomorphic function f : H → D such that (e iz ) * dσ 2 = f * dσ 2 D and that f (z + 2π) = e 2παi f (z), 0 < α < 1. Let g(z) = f · exp (−iαz), then g(z + 2π) = g(z). And g(z) is a simply periodic function with period 2π. Let w = e iz , then there exists a unique holomorphic function G in D * = {w|0 < |w| < 1} such that g(z) = G(w). Thus we have the complex Fourier development
We know that G(w) = ∑ ∞ n=−∞ a n w n is a holomorphic function in D * . We have |G(w)| · |w| α < 1 by the range of f , then we have w = 0 is a removable singularity of G(w) by |G(w)| < |w| −α and 0 < α < 1. So
where k(≥ 0) is an integer and a k = 0. And f (w) can be viewed as a developing map from D * to D. So we can choose another complex coordinate ξ near 0 with ξ (0) = 0 such that ξ α+k = w α ∞ ∑ n=k a n w n , then
We show the uniqueness of the complex coordintae ξ . Let ξ and ξ be coordinates such that conditions of the lemma are satisfied, then F(ξ ) = ξ α , F( ξ ) = ξ α are all developing maps of dσ 2 . By Lemma 2.4, there exists L ∈ PSU(1,1) such that F = L • F, then F = aF+b bF+a , |a| 2 − |b| 2 = 1. Since ξ (0) = ξ (0) = 0, F(0) = F(0) = 0, we have b = 0 by a calculation. Thus F = a a F = µF, |µ| = 1, then there exists an open disk V which is near 0 and does not contain 0 such that ξ α = µξ α . Therefore we have ξ = λ ξ on V with |λ | = 1. Since ξ , ξ and w are coordinates near 0, ξ and ξ are holomorphic functions of w, then ξ = λ ξ , |λ | = 1 holds in a neighborhood of 0.
(3) Since L is the identity, f (z+2π) = f (z), then f (z) is a simply periodic function with period 2π. Let w = e iz , then there exists a unique holomorphic function F in D * = {w|0 < |w| < 1} such that f (z) = F(w). Thus we have the complex Fourier development f (z) = ∞ ∑ n=−∞ a n e niz .
We know that F(w) = ∑ ∞ n=−∞ a n w n is a holomorphic function in D * and |F| = | f | < 1, so w = 0 is a removable singularity and F(w) extends to w = 0 holomorphically. Let F(w) = ∞ ∑ n=k a n w n , where k(≥ 0) is an integer and a k = 0. And F(w) can be viewed as a developing map from D * to D. Since aF+b bF+a is also a developing, where a, b ∈ C and |a| 2 − |b| 2 = 1, so we can set F(0) = 0 without loss of generality. Then we can choose another complex coordinate ξ near 0 with ξ (0) = 0 such that ξ k = ∞ ∑ n=k a n w n , then
where k is a positive integer, ∆ ε = {w ∈ C||w| < ε} for some ε > 0. The uniqueness of the coordinate ξ is similar to the above.
So we have obtained the Theorem 1.1. Note that in the proof of the above lemma, we actually obtain the local expressions of dσ 2 near the origin by choosing a special developing map under a suitable complex coordinate. From the proof of the above lemma and Lemma 2.4, we can get the Theorem 1.2.
